Neutrino mass explanations of the solar and atmospheric neutrino deficits and a hot dark matter component require one of three patterns of those masses, as already pointed out by us. Recently there have been indications of a non-vanishing amplitude for neutrinoless double beta decay. If this additional hint of neutrino mass is true, it would make even less likely the one unfavored pattern (a sterile neutrino giving warm, rather than hot dark matter), would alter another by making the ν e a contributor to the hot dark matter, and would make the third (ν e , ν µ , and ν τ approximately degenerate) much more likely than previously. For this third case we construct a gauge model consistent with other weak interaction data. This model utilizes a more general version of the see-saw mechanism, which is very likely to be the source of neutrino mass, if this degenerate pattern is correct.
I. INTRODUCTION
There are several different observations involving neutrinos which receive a plausible and satisfactory explanation if the neutrinos are massive, which they are not in the Standard Model. First is the well-known solar neutrino deficit [1] , observed by four different experiments [2] . Second is the deficit of muon neutrinos relative to electron neutrinos produced in the atmosphere, as measured by three experiments [3] . Third is the likely need for a neutrino component of the dark matter of the universe to understand the structure and density on all distance scales [4] . We showed [5] that, consistent with particle physics and cosmological constraints, there are only three conceivable patterns of neutrino mass which could explain these three phenomena. Of the three, one gave warm dark matter, rather than the favored hot component, and one other also appeared dubious for Majorana masses because of the limitation on electron neutrino mass from neutrinoless double beta decay, ββ 0ν .
The ββ 0ν situation has now changed, however, and leads us to emphasize this formerly less favored pattern of neutrino masses. What was previously [6] a limit on effective neutrino mass has, after another year and a half of data taking, become about a twostandard-deviation indication for that mass [7] . With current matrix element calculations, this effective Majorana mass from the enriched 76 Ge experiment is m ν ∼ 1-2 eV. Adding interest to this possibility is the observation in a 130 Te experiment [8] of a similar twostandard-deviation effect. In this case the even more uncertain matrix element calculations would favor m ν ∼ 4 eV. Clearly much more experimental work is needed before this hint of neutrino mass is even at the level of believability of the three mentioned above, but the uncertainties in the nuclear matrix elements make it possible that the 76 Ge and 130 Te experiments are observing the same real effect. In case this is true, we wish to point out how all of these results could be accommodated theoretically.
First, however, we review the constraints on neutrino mass from experiments, cosmology, and astrophysics.
II. INPUT INFORMATION A. Solar Neutrino Deficit
For massive neutrinos which can oscillate from one species to another, the solar electron neutrino observations [2] can be understood if the neutrino mass differences and mixing angles fall into one of the following ranges [9] , where the Mikheyev-Smirnov-Wolfenstein (MSW) mechanism is included [10] :
c)Vacuum oscillation, ∆m 2 ei ∼ 10 −10 eV 2 , sin 2 2θ ei ∼ 0.9.
Of these, (a) is favored over (b) by the fits to the solar neutrino data [9] , and both (b) and (c) are disfavored by information from the neutrino burst from supernova 1987A [11] .
B. Atmospheric Neutrino Deficit
The second set of experiments indicating non-zero neutrino masses and mixings has to do with atmospheric ν µ 's and ν e 's arising from the decays of π's and K's and the subsequent decays of secondary muons produced in the final states of the π and K decays.
In the underground experiments the ν µ andν µ produce muons and the ν e andν e lead to e ± . Observations of µ ± and e ± indicate a far lower value for ν µ andν µ than suggested by naïve counting arguments which imply that N (ν µ +ν µ ) = 2N (ν e +ν e ). More precisely, the ratio of µ events to e-events can be normalized to the ratio of calculated fluxes to reduce flux uncertainties, giving [3] R(µ/e) = 0.60 ± 0.07 ± 0.05 (Kamiokande), = 0.54 ± 0.05 ± 0.12 (IMB), = 0.69 ± 0.19 ± 0.09 (Soudan II).
Combining these results with observations of upward going muons by Kamiokande [3] , IMB [3] , and Baksan [12] and the negative Fréjus [13] and NUSEX [14] results leads to the conclusion [15] that neutrino oscillations can give an explanation of these results, provided ∆m 2 µi ≈ 0.005 to 0.5 eV 2 , sin 2 2θ µi ≈ 0.5.
C. Hot Dark Matter
There is increasing evidence that more than 90% of the mass in the universe must be detectable so far only by its gravitational effects. This dark matter is likely to be a mix of ∼ 30% of particles which were relativistic at the time of freeze-out from equilibrium in the early universe (hot dark matter) and ∼ 70% of particles which were non-relativistic (cold dark matter). Such a mixture [16] gives the best fit [4] of any available model to the structure and density of the universe on all distance scales, such as the anisotropy of the microwave background, galaxy-galaxy angular correlations, velocity fields on large and small scales, correlations of galaxy clusters, etc. A very plausible candidate for hot dark matter is one or more species of neutrinos with total mass of m ν H = 93h 2 F H Ω = 7 eV, if h = 0.5 (the Hubble constant in units of 100 km·s −1 ·Mpc −1 ), F H = 0.3 (the fraction of dark matter which is hot), and Ω = 1 (the ratio of density of the universe to closure density). We shall use the frequently quoted 7 eV below, but different determinations give h = 0.45 ± 0.09 [17] or h = 0.80 ± 0.11 [18] (a value giving difficulties with Ω = 1), making m ν H = 2 or 21 eV. However, F H is probably less than 0.3, since a baryonic content of F B = (0.010 − 0.015)/h 2 must be accommodated and F H = 0.2 is not unlikely [19] .
It is usually assumed that the ν τ would supply the hot dark matter. This is justified on the basis of an appropriately chosen see-saw model [20] and a ν e → ν µ MSW explanation of the solar ν deficit. However, if the atmospheric ν µ deficit is due to ν µ → ν τ , the ν τ alone cannot be the hot dark matter, since the ν µ and ν τ need to have close to the same mass.
It is interesting that instead of a single ∼ 7 eV neutrino, sharing that ∼ 7 eV between two or among three neutrino species provides a better fit to the universe structure and particularly a better understanding of the variation of matter density with distance scale [21] .
D. Nucleosynthesis Limits on Neutrino Species
While the Z 0 width limits the number of weakly interacting neutrino species to three, the nucleosynthesis limit [22] of about 3.3 on the number of light neutrinos is more useful here, since it is independent of the neutrino interactions. Invoking a fourth neutrino, ν s , which is sterile, meaning it does not have the usual weak interaction, must be done with parameters such that it will not lead to overproduction of light elements in the early universe. For example, the atmospheric ν µ problem cannot be explained by ν µ → ν s , since sin 2 2θ µs ≈ 0.5 is too large for the ∆m 2 µs involved, and that ν s would have been brought into equilibrium in the early universe [23] . On the other hand, the solar ν e problem can be explained by ν e → ν s for either the small-angle MSW or the vacuum oscillation solutions, but not for the less favored large-angle MSW solution [23] .
E. Neutrinoless Double Beta Decay
As mentioned in the Introduction, there are indications from the Heidelberg-Moscow 76 Ge experiment [7] and the Milan 130 Te experiment [8] that there may be an effective Majorana neutrino mass of
In terms of individual neutrino masses m ν i and mixing matrix elements U ij ,
where η i = ±1, depending on the CP property of the individual neutrino. Thus there may be a cancellation in the sum, making it possible that the m ν which ββ 0ν can measure is much smaller than the actual m ν e . We shall address this issue below.
III. POSSIBLE PATTERNS OF NEUTRINO MASS A. Patterns Required by Solar and Atmospheric Neutrino Deficits and Hot Dark Matter
With the above input information, if the solar neutrino puzzle is resolved by either ν e → ν µ or ν e → ν s oscillations, the atmospheric neutrino deficit is due to ν µ → ν τ oscillations, and some hot dark matter is required, then there are only three possible textures for neutrino masses, as we have pointed out [5] :
(i). All three neutrinos are nearly degenerate, with m ν e ≈ m ν µ ≈ m ν τ ≈ 2-3 eV, since ν e → ν µ and ν µ → ν τ both require small mass differences, but the required dark matter mass can be shared.
(ii). The three neutrinos with weak interactions are light, and a sterile neutrino supplies the dark matter, but the early decoupling required to satisfy the nucleosynthesis constraint reduces the number density of the ν s , forcing the mass of ν s to be so large that it becomes warm, rather than the desired hot, dark matter.
(iii). The ν e and ν s can be quite light to take care of the solar neutrino problem while the ν µ and ν τ share the dark matter role, being ∼ 3-4 eV each, and explain the atmospheric ν µ deficit.
B. Added Effect of a Non-Zero Neutrinoless Double Beta Decay Amplitude
The primary purpose of this paper is to discuss the impact on the neutrino mass textures worked out in Ref. [5] for the above three cases should the indications for an effective Majorana mass for the neutrino, m ν ∼ 1-2 eV, be confirmed [24] . First, however, it is worth pointing out that there could then be no quadratic or linear see-saw model justification for the ν τ alone to be hot dark matter.
If convincing peaks are seen at the appropriate energies for more than one ββ isotope, and m ν is determined within the uncertainties of the nuclear matrix elements, there still remains the issue of possible cancellations in Eq. (4) in trying to extract the mass of ν e (or more precisely, ν 1 ). As was pointed out in [5] , for case (i) the unitarity of the mixing matrix limits the one undetermined mixing angle, that of ν e -ν τ , to 0.05 for the small-angle MSW solution. The smallness of the ν e -ν τ and ν e -ν µ angles and hence of the mixing matrix elements U e2 and U e3 makes m ν ≈ m ν 1 ≈ m ν e for this case. This conclusion is true also for the large-angle MSW and vacuum oscillation solutions, since the near mass degeneracy of the ν 1 , ν 2 , and ν 3 forces the ν 2 and ν 3 terms in Eq. (4) to nearly cancel, or else ββ 0ν
would have been observed long ago.
For case (iii), as in case (i), the same considerations would apply for the small-angle MSW solution, since the ν s has to be very weakly mixed to satisfy the nucleosynthesis bound. Nucleosynthesis also eliminates the large-angle MSW solution and in the vacuum oscillation case forces the ν s to be mixed strongly only with the ν e . In this last instance (case (iii), vacuum oscillations), a limitation on the effect of the ν µ and ν τ masses may be invoked from supernovae considerations. If, as appears likely, the heavy elements in the universe are produced by a rapid neutron capture process in the supernova environment, then the ν e -ν µ and ν e -ν τ mixing angles are severely restricted (sin 2 2θ < ∼ 4 × 10 −4 ) for ∆m 2 > ∼ 4 eV 2 (with a rapid decrease in sin 2 2θ for larger ∆m 2 ) [25] . Otherwise the energetic ν µ and ν τ ( E ≈ 25 MeV) can convert to ν e 's which have much higher energy than the thermal ν e 's ( E ≈ 11 MeV). The higher energy ν e 's, having a larger cross section, will reduce the neutron density via ν e + n → e − + p, diminishing heavy element formation.
With the effect of the ν µ and ν τ eliminated in Eq. (4) and ν e and ν s of approximately equal mass, the pseudo-Dirac (opposite CP eigenvalues) combination is not allowed, since m ν ≈ 0, whereas in the case of the same CP eigenvalues, m ν e ≈ m ν /2.
The added ββ 0ν constraint makes case (ii) even less likely but now for a different reason. Since the ν e , ν µ , and ν τ could provide much, or even all, of the hot dark matter, there is little or no reason to invoke a sterile neutrino. We will not deal any further with this unlikely possibility.
In case (iii), the new information alters the allowed range of parameters. For example, ν e and ν s , recalling the uncertainty in the ββ 0ν nuclear matrix elements, could be ∼ 1 eV each, but only the ν e would contribute to dark matter. The ν s must decouple early (probably even before the quark-hadron phase transition at T ∼ 200 MeV), in order not to contribute excessively (i.e., δN ν ≤ 0.3 [22] ) to the energy density of the universe at the epoch of nucleosynthesis. Using the nominal 7 eV, the ν µ and ν τ would then be ∼ 3 eV each, and the most likely way to determine that this pattern of masses is correct is to observe ν µ → ν e oscillations for ∆m 2 ≈ 8 eV 2 , such as could be done in the current LSND experiment at Los Alamos, perhaps requiring some uncertainty in the supernova constraint [25] just discussed. While ββ 0ν is the only currently feasible way to determine the masses in scheme (i), and ν µ → ν e oscillations plus ββ 0ν are the way to get masses in scheme (iii), the choice between these two alternatives could be made on the basis of whether the solar ν e deficit is due to ν e → ν µ or ν e → ν s . The measurement of the charged to neutral current ratio by the Sudbury Neutrino Observatory distinguishes ν e → ν µ from ν e → ν s , but proving the latter (as opposed to an astrophysical cause of the ν e deficit) requires a measurement of spectral distortions [9, 26] *.
C. Mass Matrix for Case (iii)
The generic form of the Majorana mass matrix for case (iii), as given in Ref. [5] , in the basis (ν s , ν e , ν µ , ν τ ),
For simplicity, we set the ǫ ij = 0, and we shall demonstrate later that those terms are indeed negligible for most purposes. The implication of the ββ 0ν constraint is that µ 1 + which is a slight change from the values of the parameters given in Ref. [5] .
Returning now to the ǫ ij , if the ǫ ij ≪ µ 1,2 (or µ 3 ) and m, then they perturb the eigenvalues only slightly, but they lead to mixings between ν µ and ν τ with ν s . These ν µ -ν s and ν τ -ν s mixings are severely constrained by nucleosynthesis [23] , implying that ǫ ij < ∼ 10 −5 -10 −6 eV, since ∆m 2 ∼ few eV 2 . Somewhat weaker constraints also result from the supernova argument [25] given above, which leads to ǫ 2j < ∼ 10 −3 eV, since θ ej ≈ ǫ 2j /m.
It is, therefore, justifiable to neglect ǫ ij , except for determining the mixings.
D. Mass Matrices for Case (i)
We turn now to the case of three highly degenerate neutrino eigenstates, which will be the favored scenario, if future ββ 0ν results yield a mass large enough to account for a third of the hot dark matter mass. Since all the values of ∆m 2 ij in this case are small (i.e., < ∼ 0.5 eV 2 ), the mixing angles are not constrained by heavy element production by supernovae [25] . In a subsequent section, we will present a gauge model which will provide this mass degeneracy in a "natural" manner (i.e., without any arbitrary adjustment of parameters), guaranteed by a horizontal symmetry.
Here and in Ref. [5] our conclusions about favored neutrino mass textures have been based on the assumption of two-flavor neutrino oscillations. The solar and atmospheric * An alternative which we do not consider is the ν e −ν s oscillation as the solution to the solar neutrino deficit but ν µ −ν e oscillation for the atmospheric case by making ν e slightly heavier than ν µ ; the ν τ would then be the main contributor to hot dark matter. This is unlikely because the observed absolute ν e flux as a function of energy agrees with calculations. Note that if m ν e ≃ 2eV , this becomes like case (iii) with a rather bizzare mass ordering.
neutrino data can be treated together using a three-flavor oscillation scenario, but only the recent work by Kim and Lee [27] could be made compatible with the need for hot dark matter and m ν ∼ 2 eV, although they did not consider this possibility. They assumed that all three neutrinos mix maximally and found mass differences compatible with the two-flavor oscillation values given in Eq. (1) for vacuum oscillations and in Eq. (2) above.
Their assumption of maximal mixing requires a different mass matrix than that given in Ref. [5] for the three-degenerate-neutrino case. Both possibilities are given below in forms compatible with solar and atmospheric neutrino data, a Majorana m ν e ∼ 2 eV, and total mass sufficient for hot dark matter.
Case A. The mass matrix in the ν e , ν µ , ν τ basis is the same as in Ref. [5] , since it corresponds to two-flavor oscillations:
where c i = cos θ i and s i = sin θ i , m = 2 eV; δ 1 ≃ 1.5 × 10 −6 eV; δ 2 ≃ .2 to .002 eV; s 1 ≃ 0.05; and s 2 ≃ 0.4 for the small-angle MSW solution. Note that it is a somewhat more accurate version of the Eq. (1) in Ref. [5] . For the large-angle MSW or vacuum oscillation solutions, δ, s 1 , and s 2 will be different.
Case B. The mass matrix in the same basis but for three-flavor oscillations and maximal mixings [27] is
where m = 2 eV, δ 1 = 1 4 × 10 −10 eV, δ 2 = 1 4 (10 −2 − 10 −3 ) eV, and x = e 2πi/3 , now for the case of vacuum oscillations only.
In comparing cases A and B, we see that in case A, except for the high degree of degeneracy of the diagonal terms, the other entries are hierarchical but not related to each other. That is, elements M 12 ≪ M 13 ≪ M 23 ≪ M ii . On the other hand, in case B, all non-diagonal elements are the same to leading order and all diagonal entries are exactly the same; i.e., M 11 = M 22 = M 33 and |M ij | = δ 2 for i = j. Case B, therefore, will be much harder to obtain in a natural manner for a gauge model than Case A. For this reason, and because the vacuum oscillation solution is much less likely, in the next section we present a gauge model which reproduces a mass matrix of the type in Case A only.
IV. DEGENERATE MAJORANA NEUTRINOS FROM GRANDUNIFICATION
Before discussing details of the model, we note some important points about any gauge model that could reproduce the mass matrix of case A, Eq. (6). First, the high degree of degeneracy of the neutrino masses, and no evidence for such degeneracy elsewhere in the fermion spectrum, implies that the dominant masses for neutrinos must arise from a different source than that of quarks and charged leptons. This feature is present in see-saw type models, as we show below. Second, there must be a horizontal symmetry, G H , in the neutrino sector, and the minimal G H (whether discrete or continuous) must have a three-dimensional representation. Third, since the horizontal symmetry is broken in the quark and charged lepton masses, one expects corrections to the neutrino degeneracy from them, as well as any possible horizontal symmetry breaking effects in the neutrino sector.
The smallness of the neutrino degeneracy breaking terms must be stable under radiative corrections.
Below we present an SO(10) grandunified model which can lead to the desired pattern of neutrino masses without arbitrary fine tuning of parameters, but first we give the qualitative reason this works. In the early days of the discussion of the see-saw formula for neutrino masses, it was pointed out [28] that implementing that mechanism in the simplest left-right or SO(10) models resulted in a ν L -ν R mass matrix of the modified see-saw form:
where f and m ν D are 3 × 3 matrices and
The light neutrino mass matrix that follows from diagonalizing Eq. (7) is
While both terms vanish as v R → ∞, the first term always dominates over the second one for neutrino masses. This negates the usual quadratic formula (i.e., the second term) for neutrino masses. It means that usual see-saw quadratic mass formula is not realized in generic left-right or SO(10) models, unless additional assumptions are made, as has been pointed out [29] (e.g., decoupling the parity and SU(2) R scales in left-right symmetric models, or in the singlet Majoron models, etc.).
Accepting the more complex see-saw formula given above, it is clear that if a symmetry dictates that f ab = f δ ab , then the neutrino masses are degenerate to leading order. For v R ≈ 10 13.5 GeV, f λ ≈ 1, we get m ν e = m ν µ = m ν τ ≈ 1.5 eV, m 2 ν µ − m 2 ν e ≈ 3m 2 c /10f v R ≈ 10 −4 /f eV 2 , and m 2 ν τ − m 2 ν µ ≈ 3m 2 t /10f v R ≈ (2/f )(m t /150 GeV) 2 eV 2 . These mass differences are of the right order of magnitude to explain the solar neutrino (via the MSW mechanism) and the atmospheric neutrino puzzles, while the masses roughly give the dark matter.
It is also interesting to note that the B-L breaking scale of v R ∼ 10 13 GeV emerges naturally from constraints of sin 2 2θ W and α s in non-supersymmetric SO(10) grandunified theories [30] , enhancing the reason for an SO(10) scenario. To guarantee the neutrino degeneracy (i.e., f ab = f δ ab ), an extra SU(2) H family symmetry [31] is imposed on the model. This family symmetry will be broken softly by terms in the Lagrangian of dimension two, so that departures from the degeneracy in the neutrino sector are naturally small.
Turning now to some details of the model, the known fermions of each family are assigned as usual to a {16}-dimensional spinor representation of SO (10), and we denote them by ψ a (a = family index, going over 1,2,3). We assume that the ψ a transform as a triplet under SU(2) H , which is taken as a softly broken global family symmetry. As to the Higgs sector, the SO(10) symmetry is assumed to break down at the GUT scale, M U , to the left-right symmetric group SU(2) L × SU(2) R × SU(4) C × P ≡ G 224P via the non-zero vev of a {54}-dimensional scalar multiplet. We wish to emphasize that the existence of parity as a good local symmetry below the GUT scale is important for the more general see-saw formula, (8) , to work [29] . The G 224P symmetry is broken down to the Standard Model at a scale v R by a {126}-dimensional Higgs multiplet, denoted by ∆ 0 . Since ∆ 0 breaks B-L symmetry, it gives the heavy Majorana mass to the right-handed neutrino.
The ∆ 0 is assumed to be an SU(2) H singlet in order to guarantee the f matrix in Eq. (7) to be an identity matrix (see later).
We assume that there are six complex {10}-dimensional Higgs multiplets denoted by 
(In writing this potential, we have assumed a softly broken Peccei-Quinn (PQ) symmetry, as in Ref. [32] .) The λ R term generates the ∆ 0 -vev which breaks the B-L symmetry and also breaks G 224P down to the Standard Model. The terms β 1 and β 2 generate the induced weak-scale vev's for the (2, 2, 15) components of both ∆ 0 and ∆ ab ; we denote these vev's by v u ab and v d ab , respectively. This induced vev mechanism [32] has the advantage that it avoids any need for extra fine tunings of the ∆ masses. In fact, in this model only the masses of H ab need to be fine tuned to the electroweak scale. Note that the γ term in the above equation generates the v L term in ∆ 0 , which causes the approximate neutrino degeneracy.
The SO(10)×SU(2) H -invariant Yukawa coupling is given by
The softly broken PQ symmetry prevents the coupling of H * to fermions.
The resulting charged fermion mass matrix becomes
The neutrino mass matrix has the desired form given in Eq. (6). Since there are 23 free parameters in the mass matrices, it is not surprising that the quark masses and mixings and charged lepton masses can be reproduced easily. It is worth emphasizing that, even though the particle spectra of the model may appear quite dense, the low energy spectrum consists only of the particles of the Standard Model, along with massive neutrinos.
This model has a prediction for the lifetime of the proton, which can be obtained from
Ref. [30] . Ignoring heavy-particle threshold corrections and QCD coupling uncertainties, one gets τ P ≈ 10 33 years, which would be reachable by Super Kamiokande. The existence of so many heavy particles, however, is likely to introduce an uncertainty by one or two orders of magnitude.
If future experiments bear out a degenerate light neutrino spectrum, this detailed and quite complicated SO(10) model may not be the appropriate description of the physics. Its essential ingredient, the correct general see-saw formula, [8] , will almost surely be required to fit those data, however.
V. CONCLUSIONS
The solar and atmospheric neutrino data, along with a need for some hot dark matter, if all are due to neutrino mass, limit the texture of those masses to one of three possibilities, probably only two of which seem viable. The third alternative, under the conditions of Ref. [5] , had a sterile neutrino, ν s , which gave warm dark matter. If further neutrinoless double beta decay, ββ 0ν , experiments confirm a Majorana mass for the ν e around 2 eV or so, the ν s could become superfluous. A ν e mass found by ββ 0ν would contribute to the hot dark matter in the viable alternative scheme in which the solar problem is solved
by ν e → ν s , but the main contribution would come from the ν µ and ν τ , with ν µ → ν τ solving the atmospheric ν µ problem. The final alternative has the hot dark matter mass shared almost equally among ν e , ν µ , and ν τ , with the solar neutrino deficit now being ν e → ν µ . This last scheme becomes particularly attractive if ν e is ∼ 2 eV, and so we have presented a gauge model that reproduces this degenerate neutrino spectrum without affecting the vastly nondegenerate masses for charged leptons. Should this be the true pattern of neutrino mass, even if this model is not the correct description, its basis in a version of the see-saw mechanism which is more generally correct than that usually invoked is very likely to be the source of those masses.
